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! Abstract 

o 

In this paper we consider the Kantowski-Sachs space-time in Ashtekar variables and the 
£\J ' quantization of this space-time starting from the complete loop quantum gravity theory. The 

Kanthowski-Sachs space-time coincides with the Schwarzschild black hole solution inside the hori- 
O ■ zon. By studying this model we can obtain information about the black hole singularity and 

about the dynamics across the point r — 0. We studied this space-time in ADM variables in two 
previous papers where we showed that the classical black hole singularity disappears in quantum 
theory. In this work we study the same model in Ashtekar variables and we obtain a regular 
space-time inside the horizon region and that the dynamics can be extend further the classical 
^ , singularity. 
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O ■ Introduction 

On _ 

In this work we study the space-time inside the horizon of a Schwazschild black hole using the con- 
nection variables introduced by Ashtekar 0. We start the quantization program from the complete 
theory of "loop quantum gravity" |2] and we reduce the theory to consider an homogeneous but 
anisotropic minisuperspace model. 

We studied the singularity problem in two previous papers jHJ and 0]. There we used the same 
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£h ■ non Schrodinger quantization procedure as in the work of V. Husain and O. Winkler on quantum 

cosmology. This formalism was introduced by Halvorson ^3] and also by A. Ashtekar, S. Fairhust and 
J. Willis ^01 • I n the previous papers we used ADM formulation of general relativity and we obtained 
that the quantum minisuperspace model for the black hole is singularity free; in fact in the first very 
simple model we showed that the operator 1 jr and so the curvature invariant IZ^pa TZ^P a = 
48M 2 Gff /r 6 are not divergent in the quantum theory. In the second paper 0] we considered a general 
two dimensional minisuperspace with space section of topology R x S 2 (the Kantowski-Sachs space- 
time [H]) and we obtained that the inverse volume operator and the curvature invariant are singularity 
free in r = in quantum gravity. In both models we have that at the quantum level the Hamiltonian 
constraint acts like a difference operator. A quantum extension on the other side of the classical 
singularity is straightforward. 

We acknowledge Ioannis Raptis' s work on a mathematical approach to the singularity problem in 
general relativity 0. 

The paper is organized as follows : in the first section we introduce the classical theory, in particular 
we recall the invariant connection 1-form for the Kantowski-Sachs sapec-time. We introduce the 
holonomics and the form of the Hamiltonian constraint and the inverse volume operator in terms 
of such holonomics. We also express the quantity 1/r in terms of holonomics. This quantity is 
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interesting because it is connected with the Schwarzschild curvature invariant TZ^ upa r R} iV( " 1 in the 
metric formulation of general relativity. In the second section we quantize the system. In particular 
we calculate explicitly the spectrum of the inverse volume operator, the spectrum of the operator 1/r 
and the solution of the Hamiltonian constraint in the dual to the kinematical Hilbert space. 



1 Classical theory 

In this section first of all we summarize the fundamental Hamiltonian formulation of "loop quantum 
gravity" [2] then we recall the formulation of the Kantowski-Sachs space-time in Ashtekar variables 
[5] . At this point we define the holonomies for the connection and we rewrite the classical Hamiltonian 
constraint and the inverse volume operator in terms of holonomies. 



1.1 Loop quantum gravity preliminary 

The classical starting point of loop quantum gravity (LQG) is the Hamiltonian formulation of general 
relativity. Historically in the ADM Hamiltonian formulation of the Einstein theory the fundamental 
variables are the three- metric q ab of the spatial section E of a foliation of the 4— d manifold M. = R x E 
and the extrinsic curvature K ab . In LQG the fundamental variables are the Ashtekar variables: they 
consist of an SU(2) connection A\ and the electric field Ef, where a, b, c, ■■■ — 1,2,3 are tensorial 
indexes on the spatial section and i,j,k,- ■■ = 1,2,3 are indexes in the su(2) algebra. The density 
weighted triad Ef is define in terms of the triad e l a by the relation Ef = ^e abc eijk e 3 b e^. And the 
metric can be expressed in terms of the triad by q ab = e l a e b 5tj . 
We can express also the metric in terms of the weighted triad as 



qq ab = EfE b S l \ q = V / dit(^). (1) 

The relation between the variables (A l a , Ef) and the ADM variables (q a b, K ab ) is 

Al = r a+1 K ab E b 6v (2) 

where 7 is the Immirzi parameter and r* is the spin connection, being the solution of Cartan's 
equation: 8 [a e^ + e) k T° [a e k b] = 0. 

The action in the new variables is 

S =lJ dt J d * x [-2T r (E a A a ) -NH- N a H a - N*Gi] , (3) 

where N a is the shift vector, N is the lapse function and N l is the Lagrange multiplying for the Gauss 
constraint Gi. The functions H, H a and Gi are respectively the Hamiltonian, diffeomorphism and 
Gauss constraints . 

The constrains are given by 

4 EfE b Kf Kl 

H(Ef, A 1 ) = Tr \F ab E a E b ] - 2(1 + 7 2 ) - 3 [a ^ 

H b (Ef,Ai) = E" F 3 ab - (1 + 7 2 )^G i 

Gi {Ef , Al) = d a Ef + 4 AiEf , (4) 

and the curvature field straight is F ab — d a A b — d b A a + [A a , A b ]. 

After this brief introduction to "loop quantum gravity" we can study the "Kantowski-Sachs" 
symmetric reduced model. 
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1.2 Kantowski-Sachs space-time in Ashtekar variables 

At this point after we recalled the basic ingredients of LQG we can get back to study the Kantowski- 
Sachs space-time. This is a simplified model of a generical homogeneous but anisotropic space-time 
of coordinates (t, r, 6, 4>). 

In general a homogeneous but anisotropic space-time of spatial section £ of topology £ = R x S 2 
is characterized by a invariant 1-form connection Am of the form [8] 

A {1] = A r (t)r 3 dr+ (Ai(t)n + A 2 (f)r 2 ) dO + (Ai(i) r 2 - A 2 (t)n) smOdc/) + r 3 cos(9d</>. (5) 

The Ti generators of the SU (2) fundamental representation are relate to the Pauli cr^ matrix by 
n = -fa*. 

On the other side the dual invariant dcnsitizcd triad is 



E m =E r (t)T 3 sine— + (E 1 (t)r 1 +E 2 (t)T 2 ) sinfl — + (E\t) r 2 - E 2 (t)n) — . (6) 
or ou 



In this case the space-time is homogeneous and the diffeomorphism constraint is automatically 
satisfied; instead the Gauss constraint and the Euclidean part of the Hamiltonian constrains are 
similar to 



G ~ AiE 2 - A2E 1 

2sin0 sgn[det(-E[i] 



H 



2A, 



rE^A.E 1 + A 2 E 2 ) + ((A,) 2 + (A 2 ) 2 - l) [(E 1 ) 2 + (E 2 f 



(7) 



In this paper we want to study the Kantowski-Sachs space-time with space section of topology 
R x S 2 ; the connection Am is more simple than in JSJ with A 2 = A\, and in the triad © we can 
choose the gauge E 2 = E 1 [Hj. There is another residual gauge freedom on the pair (A\, E 1 ). This is 
a discrete transformation P : (Ai,E r ) — > (— Ai,— -E 1 ); we have to fix this symmetry on the Hilbcrt 
space. 

The Gauss constraint in JjJ is automatically satisfied and the Euclidean part of the Hamiltonian 
constraint becomes 



_ 2V2sin6> sgn(£ r ) 



2A r E r A 1 E 1 + (2(Ai) 2 - l)^ 1 ) 2 (8) 



from now on we redefine E r = E and A r = A. 

In the metric formalism the kantowski-Sachs space-time assume the form 

ds 2 = -dt 2 + a 2 {t)dr 2 + 6 2 (i)(sin 2 ddcf) 2 + d9 2 ), (9) 

where a(t) and b(t) are two independent functions of the time coordinate "t". 
The connection between the metric and density triad formulation is 



Qab 



\E\ I (10) 
\ \E\sm 2 9 



Using I jlOjl we can calculate the volume of the spatial section S 

V = J drd<j)d9 ^V^Ry/^E 1 ^ (11) 
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where R is a cut-off on the space radial coordinate. We can use also radial densities because the model 
is homogeneous and all the following results remain identical. In another way, the spatial homogeneity 
enable us to fix a linear radial cell C r and restrict all integrations to this cell [S]. 

To obtain the classical symplectic structure of the phase space we can calculate the first term of 
the action J3J introducing in it our variables. 

This very simple calculation produces 

S = - J dt J drd<j)d6 sin6 [Tr(~2E a A a ) + ...} = — j dt J d<j)dd sin6> [EA + AE 1 A 1 + ...]. 

(12) 

Concerning what we said before we can restrict the linear radial cell to the Planck length lp 
and so we can take R = lp. Observing the reduced action l|12|) we obtain the simplectic structure 
of the classical phase space. The phase space consists of two canonical pairs A, E and Ai , E 1 and 
the simplectic structure is given by the poisson brackets, {A, E} = -jj and {AijE 1 } — j^. The 
coordinates and the momentums have dimensions: [A] = L , [Ai] = M°, [E] = L 2 and [E 1 ] = L. 

1.3 Holonomies, curvature and Hamiltonian constraint 

In this section we introduce the fundamental classical ingredients necessary to quantize the theory. 
To define the holonomies we don't consider the field independent term in the connection; this means 
that we define the model on particular spin networks which are based on graph made only of radial 
edges, or of edges along circles in the ^-direction or at 8 = ir/2. Considering this graph type we can 
omit the term 'V3 cos 6 dtp" in the holonomy in the "(/>" direction. 

We introduce the background triad °ej = diag(l, l,sin _ 6) and co-triad °ui^ = diag(l, 1, sin 9), 
and we define the holonomy 

h = e S A m = e f A *dx a _ e J Al r z d\ = e J A) °e a j u J r,dX = e J A] u 1 nd\ ^ ^g-j 

where u a — = (R M , -£) and u 1 =° uj^ u a , r' is a dimensionless radial coordinate and R is 
the scale introduced in (|ll(l . In the rest of the paper as we wrote in the previous section we will take 
R = lp to simplify the formulas. 

We can define now the holonomy along the direction "7 " 



hj = exp J A\ TidX, 

hi = exp J A\T t dX = expL4^p t 3 ], 

h 2 = exp J A 2 T t dX = expL4i/i (r 2 +n)], 

h 3 = exp J AlndX = expL4i/i (r 2 - n)], (14) 

and introducing the normalized vectors n\ = (0,0,1), n 2 = ^(1,1,0), n\ — -^(—1,1,0) we can 
rewrite hi as 
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2n\ Ti sin ( — — 



hi = exp (Ai n\Ti) = cos 

hi = cos y — - — J + 2t 3 sin y — - — 
h _ „„„ /'V2Ai H t \ t ( _ N fy/^Axflo 



cos y J + V2(r 2 + n) sm y- 



2 

{V2Aiii \ .ft, s . /V2Ai[i Q \ 
3 = C0S V 2 J + v2(r 2 - n) sin ^ J (15) 
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We remember that the Hamiltonian constraint can be written in terms of the curvature F a t and 
the Poisson bracket between A a and the volume V. The Euclidean part of the Hamiltonian constraint 
becomes 



H E = -2 / d 3 xe abc Ti 



F ab {A c ,V} 



(16) 



We now rewrite the hamiltonian constraint l|16|) in terms of holonomies. We start to define the 
curvature F a b using the holonomies l|14(l 



hihjhj 1 h J 1 h [IJ] - 1 
<lW) 



(17) 



where e(l) = R^o, e(2) = e(3) = ^o- We have introduced also the field independent holonomy h\jn 
to obtain the correct classical curvature in the limit e(I) — > 0. This term is defined by 



h[i,j] = exp(-^ Cu t 3 ) = cos 



Mo Cu 



— 2 T3 sin 



(18) 



where Cu is a constant antisimmetric matrix, Cu — 82163 j — 83^2,1- 

The other term we need is "tj {A z a , V}" and in terms of holonomies becomes 

n{A a ,V} = u a — . 



(19) 



At this point we have all the elements to define the Euclidean part of the Hamiltonian constraint 

(h I h J h^ 1 h- J 1 h [u] -l) h-£{h K ,V} 



He — 



' 3 x e abc °uj( uj? Tr 



2 / d 3 Xy/~°qe 



UK 



Tr 



e(I)e(J)e(K) 
(hihjhj^hj 1 ^^ - 1) h K l {h K ,V} 



(20) 



e(I)e(J)e(K) 

Recalling the e(/)'s definitions and that J d 3 x \f°q — 4irl p we can simplify the expression 1)20(1 

R e = -% eUK Tr [hihjhfh^h^ h^ihK, V}] , (21) 

^0 IJK 

where we have also eliminated the identity term because it doesn't contribute when traced. 

1.4 Inverse volume & Schwarzschild curvature invariant 
in terms of holonomies 

We can define the inverse volume operator following Thiemann. We remember that the volume 

operator is V = Att^Ip^'^E 1 | and we define V = = \E\ l / 2 \E l \. 

A useful property to define the inverse volume operator is 



det(4) 



y/ det (<l) 



(det(g))* (det(g))i VV 
using this relation and the identity e l a = — ^ 16 ^ 3 — {A l a , V} we obtain 

^# = — f^Y ^ ^ (4, vi}{Ai vi}{Alvi}. 



(22) 



(23) 
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To rewrite the volume in terms of holonomies we use extensively the holonomy version of the triad 



(24) 



At this point using the definition l|24|) in (12.'il) we obtain the final version of the inverse volume operator 
in terms of holonomies 



sgn(£Q _ / 512/| 



UK 



e UK Trfr'^ 1 !^/, V*}] Tr[r^ hj L {hj, V*}] Tr[ T k h K L {h K , V*}] 
e(I)e(J)e(K) 



(25) 



We consider now another operator that is useful to understand the black hole singularity. In 
the metric formulation of the Schwarzschild black hole the invariant quantity TZ^pa 1Z^ f " T ~ 1/r 6 
diverges in r — where the singularity is localized. The relevant quantity 1/r 2 = l/b 2 (t) in metric 
formulation is given by 1/\E\ in Ashtekar variables. 

Now we express 1 / \f\E\ in terms of holonomies 



sgn^sgn^ 1 ) 64 1 P 



\E\ 



Mo k2 



Tr 



T 3 h^{h u V^} Tr {T 2 +T 1 )h 2 1 {h 2 ,V-} 



(26) 



We will use the quantities l|25[) and (|26() in the next section where we study the black hole singularity 
for E = in the quantum theory. 



2 Quantum Theory 

We want quantize the symmetry reduced theory using techniques from the full theory (loop quantum 
gravity). The Hilbert space for the Kantowski-Sachs minisuperspace model in Ashtekar variables is 
the tensor product of two Hilbert spaces, one for the anisotropy operator E 1 and the other for the 
operator E : He®^; this is the kincmatical Hilbert space (Hkin) for the reduced model obtained 
representing the almost periodic function algebra (holonomy algebra for the homogeneous space-time) 
using the Bohr compactification of the real line. 
A basis on this space is given by 

\He,He*) = \m) ® iMfii) -> (A\^e) ® (At l^i ) = e niE l pA g) e ~^— . (27) 

The basis states (|27|) are normalizable in contrast to the standard quantum mechanical represen- 
tation and they satisfy 

(He, Me 1 We, "e 1 ) = <W"e s n E i ,u B i (28) 

We can quantize the theory using the standard quantization procedure { , } — > — 4 [ , ] . We recall 
the fundamental difference from the standard Schreodinger quantization program. In the ordinary 
Schroedinger representation of the Weyl-Heisenberg algebra the classical fields A and A\ translate in 
operators. In loop quantum gravity (or polymer representation of the Weyl algebra) on the contrary 
the operators A and A\ don't exist. We can't promote the Poisson brackets to commutators [A, E] = 
iy/Tp, [A%, E 1 ] = iy/Tp/4, but instead the quantum fundamental operators are E, E , hj. 
The momentum operators can be represented on the Hilbert space by 
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It is very simply to calculate the spectrum of these two momentum operators on the Hilbert space 
basis, and so we obtain 

lie I 2 

E\VE,^Ei) = — ^-iHE^E 1 ), 

We have to fix the residual gauge freedom on the Hilbert space. We consider the operator P : 
IM-E) He 1 ) ^ Ime, — H e 1 ) and we impose that only the invariant states (under P) are in the kinematical 
Hilbert space. The states in the Hilbert space are of the form i [\he, He 1 ) + Ime, — He 1 )}- 

In the following, we calculate the action of the volume, of the inverse volume and of the Schwarzschild 
curvature invariant operators on the kinematical Hilbert space, obtaining a bounded spectrum for these 
operators. 



2.1 Inverse volume & 1/W\E\ operators 

In this section we study the black hole singularity problem in loop quantum gravity . We recall that 
the particular form of the volume for the space-time inside the horizon is V = \\[2-nlp 
The action of the volume operator on the basis states is 



V\fJ,Ej He 1 ) = ^Jt^ vVeI \heA\Ve, He 1 



(31) 



Now we will show that the operator 1 / vT doesn't diverge in quantum theory. 
The operator version of the quantity sgn(E) / Vv defined in the formula (|25|) is 



sgn(.E) 



512 i 

3 IpfJ-Q 



^■fcE e/Ji " Tr [ r ^ 1[/l7 '^ 



UK 



Tr 



>h-/[hj,V-] Tr T K h K '[h K ,V 2 ] 



(32) 



At this point to obtain the spectrum of the inverse volume operator we express (|32[) using the SU (2) 
identity in l|15H and we arrive to the following form 



sgn(£) 



512 i 



4 ,,3 Ci 3 k 



3 IpHo 



UK 



IJK n\n j T n k - 



I'^J^K 



COS 



V 2 sin 



V 2 cos 



Aj_ 

2 

cos I — I I sill j — I - sill I I \ ~ cos I 



cos 



M 
2 

Aj 
2 

Ak 
2 



V 2 sin 



M 
2 

Aj 
2 

Ak 
2 



M 
2 

Aj 
2 

Ak 
2 



V 2 cos 



Ak 
2 



(33) 



All the operators in brackets commute with the volume operator and so the operator (|33|l is diagonal 
on the basis (|27J) . Using the relation eijkn\n 3 jn K = epjK it is straightforward to obtain the spectrum 
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on the Hiilbert space basis 



sga(E) 



I^e^e 1 



IMb| 2 1Mb 1 ! 



(i 



Mb + Mo | 4 - | Mb - Mo 



Mb 1 +Mo| 



1Mb 1 - Mo I 



IMb^e 1 / 



(34) 



The spectrum of the inverse volume operator is upper bounded near the classical singularity which is 
in E = or \ie = and reproduce the correct classical spectrum of 1/V for large volume eigenvalues 
(ME ~ Mb 1 > 0), 



sgn(£) 



1 



IME^E 1 / 



2^2 

ip ImbI^Imb 1 ! 1 



Imb,mbi; 



(35) 



We see that the spectrum of the inverse volume operator is discrete. It is not divergent differing from 
the classical operator which has a singularity in E = and reproduce the correct classical behavior 
for large values of the volume eigenvalues. 

Now we pass to study the operator 1 / The classical quantity defined in becomes the 

operator 



sgn(£) sgn(£;i) 



V\E\ 

64%/2 

" ,,2 ;3 
Mo L p 



64 

" ,,2 ;3 
Mo l p 



Tr 



cos l — - — ] sin — - — V 



T^fti, V*]] Tr [(r 2 + Ti)h^[h2, v' 2 ] 
A^qIp 



. A/j, l P 
V 2 cos — 4- — I/ 2 



, ^iMo^pW, 1 . MiMo^pW, 1 . MiMo'pW, 1 MiMoip.,-- 
cos = — \V 2 sin ^= — K 2 - sm = — V 2 cos = — V 2 



V2 



V2 



V2 



V2 



(36) 



We consider the action of the operator H36J) on the basis states of the Hilbert space and we obtain the 
spectrum of such operator 



sgnQg) sgnQ E 1 ) 



v/2 

1Mb, Mb 1 ) = -2T" 
Mo'P 



1Mb 1 +M0I 2 - 1Mb 1 -Mo| 2 



I Mb + Mo I 



I Mb - Mo 1 4 



1Mb, Mb 1 / 



(37) 



The spectrum of 1/ v/|l5j is well defines in £ = 0, where the classical Schwarzschild singularity is 
localized. 

If we consider the limite of large eigenvalues he — > 00 and Me 1 ~ + 00 we obtain 



sgn^sgnQ E 1 ) 



IMb,Mbi, 



V2 



'p|mb| 



IME^E 1 / 



(38) 



This is the correct classical value of l/y|2?|. 

In this section we have studied the operators relevant for the singularity analysis in quantum 
gravity and we have found that the singularity disappears and that the space-time can be extend 
beyond the classical singular point localized in [Ie — 0. 
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2.2 Hamiltonian constraint and quantum dinamics 

In this section we study the dynamics of the model. We want resolve the Hamiltonian constraint in 
the dual space of the Hilbcrt space. 

The quantum version of the Hamiltonian constraint defined in Ij21|) can be obtained promoting the 
classical holonomies to operators and the poisson bracket to the commutator 



Mn ft 

^° UK 



h I hjh I 1 h J 1 h[jj] h^[h K , V] 



(39) 



Using the relations in 1|15|1 we can express the Hamiltonian operator as 

87ri r 

Mo 



+2 



4sin(2x) sin(2y) (sm(y)V cos(y) — cos(y)V sin(y)) + 
(cos(/3) sin 2 (2y) — sin(/3) (sm 2 (2y) + cos(2y))) (sm.{x)V cos(ir) — cos(x)V sin(a;) 



(40) 



where we have introduced the following notations: x = Afiolp/2, y = v2AlMo/2 and (3 = Hq/2. 

Before calculating the solution of the Hamiltonian constraint we must consider the action of the 
operator sin(. . . ) and cos(. . . ) on the Hilbert space for all possible trigonometric arguments which 
appear in the Hamiltonian constraint Q40JI. 



cos(x)|^ B ,/i £; i) = t;(Jmb + Mo, Mb 1 ) + I Me - Mo, Mb 1 )) 
sin(a;)|/x B ,/x B i) = — ^|mb ~\~ Mo, Mb 1 ) - Imb - Mo, Mb 1 )) 
cos(y)\fi E) ^E^) = ^(Jmb^e 1 +Mo) + Imb^b 1 - Mo)) 

>) 



siniy^fiE^E 1 ) = 
sm(2x)\nE,^E 1 ) = 
sin(2y)|/i jE ,/x B i) = 

cos(2y)\nE,VEi) = 



TTII^b^b 1 + Mo/ - \^e,^e^ - Mo 

(|mb, Mb 1 + 2/i ) - \fi E , Mb 1 - 2/ii 
2 (|mb, Mb 1 + 2^o) + \^e,^e^ - 2mo)) 



sin (2y)\fj, E ,fJ'E 1 ) = -j[ Imb^e 1 + 4/i ) - 2|/i B ,/x B i) + I/xbjMb 1 - 4mo! 



(41) 



Using all these ingredients we can calculate the action of the Hamiltonian constraint on the Hilbert 
space basis 



He\^e, Mb 1 ) = 



Q<(Mb,Mb 1 )(|Mb + 2/io, Mb 1 + 2^ ) - Imb - 2^ ,Mb 1 + 2^o) 
-|/ijs + 2/zo, Mb 1 - 2^ ) + Imb - 2/i , - 2/i )) 



+/3(Mb,Mb0( 



sin(Mo/2) - cos(Mi/2) 



VEiVe 1 + 4mo) - 21/iB,^!) + Imb^b 1 - 4mo) 



~/3(MB,MB 1 )sin(/io/2)^|/i £; ,/i S i + 2/i ) + ImbiMb 1 - 2/z ) 



(42) 
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At this point we can resolve the Hamiltonian constraint. The solutions of the Hamiltonian con- 
straint are in the C* space that is the dual of the dense subspace C of the kinematical space. A generic 
element of this space is 

("01= ^2 ^(me^eO^e,/^ 1 !- ( 43 ) 

The constraint equation H\ip) = is now interpreted as an equation in the dual space (ip\H'; from 
this equation we can derive a relation for the coefficients V^Me, Me 1 ) 

-a(p E - 2^o, Me 1 - 2^o) ?A(me - 2^o, Me 1 - 2mo) + a(^ E + 2/i , Me 1 - 2 /i ) ip(fiE + 2mo, Me 1 - 2 /i ) 
+a(p E - 2^o, Ms 1 + 2a*o) ^(Ms - 2/i , Me 1 + 2mo) - ck(me + 2/i , Me 1 + 2 Mo) VKme + 2mo, Me 1 + 2 Mo) 

/sin(/Xn/2) - cos(/in/2)\ / . , 

+ (^ g J (a>(Me,Mei ~ 4/io) V(/iE,/iEi -4/io) - p(me 5 Me 1 ) WMEi Me 1 ) 

+/3(jie, Mb 1 + 4^o) VKme, Me 1 + 
- sin(/io/2) (/?(me, Mb 1 - 2 Mo) VKme, Me 1 - 2/io) + /?(me, Mb 1 + 2/i ) ^(/*e, Me 1 + 2/to)) = 0, (44) 
where the functions a{^, E , Mb 1 ) arL d a(p E , Me 1 ) a- re define by 

"(Mb, Mb 1 ) = Ime|' (Ime 1 + Mo| - Ime 1 — Mo|) 

/^Me^e 1 ) = Ime 1 ! (|me + Mo|^ ~ Ime - Mol^J (45) 

How can be seen from equation 144|l the quantization program produce a difference equation and 
imposing a boundary condition we can obtain the wave function ipifJ-E, Me 1 ) f° r the- black hole. We 
can interpret ip(/i E , n E i) as the wave function of the anisotropy "E at the time "£"'. As in loop 
quantum cosmology also in this case the state ip(0, 0) decouples from the dynamics. 

Conclusions 

In this paper we studied the Kantowski-Sachs space time in Ashtekar variables. We started from the 
complete "loop quantum gravity" and we reduced to the space-time of spatial topology R x S 2 . This 
space-time is very important if we want to understand what happens very closed to the black hole 
singularity where the quantum gravity effects are dominant and the classical Schwarzschild solution 
it isn't correct. In particular we concentrated on the Schwarzschild black hole solution inside the 
horizon where the time exchanges with space and the model reduces to a cosmological type space- 
time: a general space-time with this topology is called a Kantowski-Sachs space-time. 

The quantization procedure is induced by the full "loop quantum gravity" . We have introduced 
holonomies for the homogeneous space-time and we have expressed the inverse volume operator, the 
classically singular quantity 1/ \f\E\ and the Euclidean part of the Hamiltoninan constraint in terms 
of holonomies. All these operators are well defined on the kinematical Hilbert space. 

The main results are : 

1. the inverse volume operator has a finite spectrum in all the region inside the horizon and we can 
conclude that the classical singularity disappears in "loop quantum gravity" ; for large eigenvalues 
of the volume operator on the other side we find the classical inverse volume behaviour, 

2. the quantity l/y/\E\, connected to the Schwarzschild curvature invariant R fiUpa -R IJ ' Uf "' ~ l/b(t) 6 
by b(t) 2 = \E\, is singularity free in quantum gravity and reproduces the classical behaviour for 
large eigenvalues, 
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3. the solution of the Hamiltonian constraint gives a discrete difference equation for the coefficients 
of the physical states which are defined in the dual space of the dense subspace of the kinematical 
Hilbert space. 

An important consequence of the quantization is that, unlike the classical evolution, the quantum 
evolution doesn't stop at the classical singularity and the "other side" of the singularity corresponds 
to a new domain where the triad reverses its orientation. This work is useful if we want understand 
what is the mechanism to resolve the problem of the "information loss" in the process of black hole 
formation 
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Appendix 

We report some technical properties extensively used in this paper and the independent components 
of the curvature F a b for the Kantowski-Sachs space time. 

The SU(2) generators used in the paper are t 1 = where a 1 are the Pauli matrices 

^-(ii)- M°~o ! )< '-O-i)- < 4e) 

Other important properties of the Pauli matrix and of the SU (2) generators t % are 

[a\a j ] = 2ie ijk a k , 
g 1 <j ] =8^ + ie ijk a k , 
[r\T j ]=2ie ijk r k , 

TY[tV] = -~5 ij , 
ii 2 , 

Ut[tVt*] = ~\f ik - (47) 

The field strenght F a t, independent components are 

Fu = AA-l (r 2 -n), 

Fi 3 = —AA-i (T 2 + Ti)sin0, 

F 23 = {2A\- l)T 3 sm6. (48) 
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